The concept of upper and lower semicontinuity of fuzzy mappings introduced by Bao and Wu [Y.E. Bao, C.X. Wu, Convexity and semicontinuity of fuzzy mappings, Comput. Math. Appl., 51 (2006) 1809-1816] is redefined by using the concept of parameterized triples of fuzzy numbers. On the basis of the linear ordering of fuzzy numbers proposed by Goetschel and Voxman [R. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems 18], we prove that an upper semicontinuous fuzzy mapping attains a maximum (with respect to this linear ordering) on a nonempty closed and bounded subset of the n-dimensional Euclidean space R n , and that a lower semicontinuous fuzzy mapping attains a minimum (with respect to this linear ordering) on a nonempty closed and bounded subset of R n .
Introduction
Upper and lower semicontinuous real-valued functions play important roles in optimization theory and abstract analysis. The concepts of upper and lower semicontinuity for fuzzy sets and fuzzy mappings were also introduced and considered by various authors. For example, Ramik and Vlach [3] , Syau and co-workers [4] [5] [6] , and Yang [7] [8] [9] studied the concepts of upper and/or semicontinuity of fuzzy sets. Ramik and Vlach [3] , on the basis of the concept upper semicontinuity of fuzzy sets, obtained criteria for the existence of max-min decision.
The concept of upper and lower semicontinuity of a fuzzy mapping was introduced by Diamond and Kloeden [10] based on the Hausdorff separation. Recently, Bao and Wu [1] introduced a new concept of upper and lower semicontinuity of fuzzy mapping through the "fuzz-max" order on fuzzy numbers. It is known [12] that the "fuzzmax" order is a partial ordering on fuzzy numbers. In an earlier paper [13] , on the basis of the linear ordering proposed by Goetschel and Voxman [2] , we extended the Weierstrass theorem from real-valued functions to fuzzy mappings.
In this study, we redefine the concept of upper and lower semicontinuous fuzzy mappings in the sense of Bao and Wu by using the concept of parameterized triples of fuzzy numbers [11] . Let denote the linear ordering on fuzzy numbers proposed by Goetschel and Voxman [2] ; we prove that an upper semicontinuous fuzzy mapping attains a maximum (with respect to ) on a nonempty closed and bounded subset of the n-dimensional Euclidean space R n , and that a lower semicontinuous fuzzy mapping attains a minimum (with respect to ) on a nonempty closed and bounded subset of R n .
Preliminaries
In this section, for convenience, several definitions and results without proof from [2, 11, [13] [14] [15] are summarized below.
Let R n denote the n-dimensional Euclidean space. The support, supp(µ), of a fuzzy set µ :
The fuzzy number that we treat in this study is a fuzzy set µ : R 1 → I which is normal, has bounded support, and is upper semicontinuous and quasiconcave as a function on its support.
Let α ∈ I . The α-level set of a fuzzy set µ : R n → I , denoted as [µ] α , is defined as
where cl(supp(µ)) denotes the closure of supp(µ).
Denote by F the set of all fuzzy numbers. In this work, we consider mappings F from a nonempty subset S of R n into F. We call such a mapping a fuzzy mapping. It is clear that each r ∈ R 1 can be considered as a fuzzy numberr defined bỹ
and, hence, each real-valued function can be considered as a fuzzy mapping. It can be easily checked that a fuzzy set µ : R 1 → I is a fuzzy number if and only if (i) [µ] α is a closed and bounded interval for each α ∈ [0, 1], and (ii) [µ] 1 = ∅. Thus, we can identify a fuzzy number µ with the parameterized triples
where a(α) and b(α) denote the left-and right-hand endpoints of [µ] α , respectively.
On the basis of the concept of parameterized triples of fuzzy numbers, Goetschel and Voxman [2] defined the following linear ordering, , on F. 
where
From (2.1) and (2.2), for x, y ∈ R n , we have
In what follows, let S be a nonempty subset of R n . For any x ∈ R n and δ > 0, let
We now recall the definitions and extremum properties of upper and lower semicontinuous real-valued functions.
Definition 2.3 ([14]).
A real-valued function f : S → R 1 is said to be:
(1) upper semicontinuous at x 0 ∈ S if ∀ε > 0, there exists a δ = δ(x 0 , ε) > 0 such that
and f is upper semicontinuous on S if it is upper semicontinuous at each point of S; (2) lower semicontinuous at x 0 ∈ S if ∀ε > 0, there exists a δ = δ(x 0 , ε) > 0 such that
and f is lower semicontinuous on S if it is lower semicontinuous at each point of S.
The following well known fact is of great importance.
Theorem 2.1 ([15]
). Let X be a nonempty closed and bounded subset of R n . A real-valued function f : R n → R 1 upper (respectively, lower) semicontinuous on X attains its maximum (respectively, minimum) on X .
Upper and lower semicontinuous fuzzy mappings
We now formally define upper and lower semicontinuity of a fuzzy mapping as follows.
Definition 3.1 ([11]
). Let F : S → F be a fuzzy mapping parameterized by
(1) F : S → F is said to be upper semicontinuous at x 0 ∈ S if both a(α, x) and b(α, x) are upper semicontinuous at x 0 uniformly in α ∈ I . F : S → F is upper semicontinuous if it is upper semicontinuous at each point of S. (2) F : S → F is said to be lower semicontinuous at x 0 ∈ S if both a(α, x) and b(α, x) are lower semicontinuous at x 0 uniformly in α ∈ I . F : S → F is lower semicontinuous if it is lower semicontinuous at each point of S.
Remark 3.1 ([11]
). Note that the concept of upper and lower semicontinuity introduced here is essentially same as that given by Bao and Wu [1] .
Main results
Motivated by our earlier paper [13, Lemma 3.4] , we establish the following two lemmas.
Lemma 4.1. If F : R n → F is upper semicontinuous, then T F : R n → R 1 is also upper semicontinuous. Proof. By using the parameterized triples of fuzzy numbers, let
Let x 0 ∈ R n . Then, by the upper semicontinuity of F at x 0 , both a(α, x) and b(α, x) are upper semicontinuous at x 0 uniformly in α ∈ I . Let ε > 0 be given. Then there exists a δ = δ(x 0 , ε) > 0 such that
for all α ∈ I and x ∈ S ∩ B δ (x 0 ). From this, it follows that
which implies that T F is upper semicontinuous at x 0 .
An analogous result to Lemma 4.1 for the case of lower semicontinuous fuzzy mappings is the following:
Lemma 4.2. If F : R n → F is lower semicontinuous, then T F : R n → R 1 is also lower semicontinuous.
Proof. The proof Lemma 4.2 is similar to the proof of Lemma 4.1.
From Lemma 4.1, we immediately obtain Theorem 4.1. Let X be a nonempty closed and bounded subset of R n . If F : X → F is upper semicontinuous, then F attains a maximum value on X .
Proof. Since f : X → F is upper semicontinuous, it follows from Lemma 4.1 that T F : X → R 1 is also upper semicontinuous. Since X is a nonempty closed and bounded subset of R n , it follows from Theorem 2.1 that T F : X → R 1 attains its maximum value, say at x * ∈ X on X . From (2.3), we conclude that F : X → F attains its maximum value at x * ∈ M, which completes the proof.
From Lemma 4.2, we immediately obtain Theorem 4.2. Let X be a nonempty closed and bounded subset of R n . If F : X → F is upper semicontinuous, then F attains a minimum value on X .
Proof. The proof Theorem 4.2 is similar to the proof of Theorem 4.1.
